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APPLICATION OF A CHANNEL DESIGN METHOD TO HIGH-SOLIDITY CASCADES AND TESTS
OF AN IMPULSE CASCADE WITH 90° O-F TURNING ‘

By’ JOHN D. STANITZ and LEONABD J. SIZULDEAm

SUMMARY

A techniqm~ denelopedfortheapplicdwn qf a channeldesign
method to tlw dw”gn of higksolidity cascades & prescribed
velocily dtitributims as a function of arc kn@.h along h
blade-ekment projile. The technique applies to both incmn-
pressible and subsmvic compressibb, nonviscous, irrotational
jluid motion. For cornpressibkjtow, the Tatw of 8peeijic heats
is assumed egua+?to –1.0. An impulse cascade with 90°
turning was desigrwdfor incompressible jlow and was tested
at the dem”gnangle ~f attuck over a Tangeof dounwtreamlkiizch
numberfrom 0.2 to chokej%w. To achievegood e@ny, ‘b
cascude was designed for prescribed velocities and maximum
blade loading acwrding to limitations imposed by cwwidera-
liona ~f boundary-layer separation.

INTRODUCTION

In order to obtain large press’me ratios per stage in
axial-flow compressors and turbines, cascadea of blade
elements with large fluid-turmingangles are required. High-
solidity bhuling is required to achieve these large turning
angles without serious shock losses due to supersonic peak
velocities and without boundary-layer separation due to
excessive blade loading. However, because friction losses
increase with the ratio of wetted w.irface to flow area, it is
desirable that the blades be as highly loaded as possible so
that the solidity be no greater than necessary. Thus it is
desirable to have design methods for high-solidity cascadea
with maximum prescribed velocities that do not risult in
shock 10SSIMand with maximum prescribed deceleration
rates that do not result in boundary-layer separation. Such
blade elements should have optimum efficiency for the
prescribed turning angle of the fluid.

Two types of method are used for the design of blade
elements in cascade: (1) airfoil methods, and (2) channel-
flow methods. Airfoil methods have been developed for
incompressible and linearized compressible flow (refs. 1 to
5, for example). These methods are exact for irrotational,
nonviscous fluid motion but generally become dillicult
to apply if the blade-element solidity is large (1.5 or larger).

For high blade-element solidifies, channel-flow methods of
design are used, in which the channel between blades is
designed and the “islands” between adjacent channels
(fig. 1) constitute the blade elements, with the nose and tail
of the islands rounded off. Geometric methods for channel
design based on the combination of several circular arcs
have been used extensively (ref. 6, for example), but these
methods have no direct contiol over the velocity didribution
along the blade-element protl.le.

In reference 7 the shape of the mean streamline between

blade-element profiles and the velocity distribution along
this streamline are prescribed together with the blade
spacing, and the resulting blade-element proiile and velocity
distribution along it are deter~ed. The method involves
approximations that are accurate for high-solidity cascades,
but has no direct control over the veloci~ distribution along
the profle surface.

Design methods for blade elementsof high-solidity cascadea
with prescribed velocities along the blade-element protile are
given in references 8 to 10. All thege metho& hvolve
approximations. In reference 8 the desired velocity distri-
bution is obtained by trial-and-error methods. In referenco
9 the shape of one channel wall and the velocity distribution
along it are prescribed so that, as in reference 7, the problem
is overdetermined and therefore approximate. In reference
10 the manner in which various flow conditions vary across
the channel of high-solidity c~oades is assumed.

A technique for application of the channel design methods
of reference 11 to the design of high-solidity cascades with
prescribed velocity distributions as a function of arc length
along the blade-element profiles is presented herein. The
technique applies to both incompressible and subsonic com-
pressible, nonviscous, irrotational fluid motion. For com-
pressible flow the ratio of specitic hats is assumed equal to
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—1.0. The design method gives exact results except for the
approximation resulting from rounding off the nose and M
of the blade element. In order to investigate the validity of
rounding off the nose and tail and to investigate eilects of
compressibility and viscosify, a high-solidity, 90° impulse
cascade was designed and tested. In order h achieve good
efficiency, the cascade was designed for prescribed velocities
and matium blade loading according to limitations imposed
by boundary-layer separation (ref. 12). The cascade was
developed for incompressible flow and was tested at the
design angle of attack over a range of downstream Mach
number from 0.2 to choke flow. The data were analyzed and
correlated by methods developed in the report.

The application of a channel design method to high-solidity
cascades reported herein was developed at the NACA Lewis
laboratory during 1951 and is part of a doctoral thesis con-
ducted by the senior author with the advice of Professor
Ascher H. Shapiro of the Massachusetts Institute of Tech-
nology.

CASCADE DESIGN METHOD

A mscade design method based on the channal design
methods of reference 11 is developed for nonviscous, irrota-
tional, incompressible or compressible fluid motion.

THEORY OF MEI’HOD

Outline.-Consider the flow of fluid past the high-solidity
cmcnde in figure2. Any two blade elementsand their respec-

.,

‘d&

tive stagnation streamlines upstream and downstream of the
cascade constitute a flow channel. In the proposed high-
solidity cascade design method the shape of this channel will
be determined, except for regions in the vicinity of stagnation
points, for prescribed variations in velocity as a function of
arc length 8 ilong the channel walls between points corre-
sponding to the nose and tail of the blade elements. The
channel design methods of ~eferance 11 will be used to SOIVO
for the shape of this channel between high+olidity blade
elements.

The flow field of the two-dimensional, channel between
blade elements is considered to lie in the physical qpplano
where z and y are C@wian coordinates for which the units
are so chosen that the channel width downstream at iniinity
is unity. (All symbols are defied in appendix A.)

At each point in the channel between blade elements the
veloci~ vector (fig. 3) has a magnitude Q and Q direction 0,
where Q is the fluid velocity for which the units are so chosen
that the channel velocity downstream at inilnity is unity,
For compressible flow, the velocity q is rel~ted to the velocity
ratio Qby

q= Qqd

where g is the velocity for which th; units are so chosen that
the stagnation speed of sound is unity and where the sub-
script d refers to conditions downstream at infinity.

Solutions for two-dimensional flow are boundary-value
problems. That is, the solutions depend on known condi-
tions imposed along the boundaries of the problem. In the
inverse problem of channel design the geometry of the ohan-
nel walls in the physical plane is unlmown. This unlmown
geomew apparently precludes the possibility of solving the
problem in the physical plane and n~cessitatesthe use of some -

\
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new plane. This new plane must be such that the shape of
the boundaries along which the velocities are prescribed is
lmown. It is also desirable that the coordinate system of
the new plane be orthogonal in the physical plane.’ A set of
coordinates that satisfies these requirements is provided by
the velocity potential lines of constant@ and the streamlines
of constant W (where @ and W are deiined in ref. 11), which
me orthogonal in the zy-plane and for which the geometric
boundaries are lmown constant values ~f w (equal to O and
7r/2) in the @l!?-plane. The distribution of velocity as a
function of * along these boundaries of constant V is known—
because, if

Q=Q(s)
or

g=@)

is prescribed, the definition of @ (ref.

@=@(s)
from which

Q=Q(@)
or

!l=@)

11) give9

The technique of the channel deakm methods develorwd
in reference il is therefore to SOIV; for the physical ‘ql-
coordinates of the channel walls in the @V-plane where the
prescribed boundary conditions for the two-dimensional flow
problem are known.

The channel design methods of reference 11 are applied to’
the design of high-solidity cascades as follows: Along the
upstream and downstream stagnation streamline (@. 2) the
velocity will be assumed constant aq,d equal to the upstream
and downstream velocities, respectively. The stagnation
points on the blade surface are ignored (which practice results
in a cusped nose and tail that are rounded off, as indicated
previously), and the velocity at the nose and tail are assumed
equal to the upstream and downstream velocities, respec-
tively. Along the channel wall corresponding to the suction
surface of the blade element, the velocity accelerates from its
upstream value at the nose to some maximum value, after
which it decelerates to its downstream value at the tail.
Along the channel wall corresponding to the pressure surface
of the blade element, the velocity decelerates from its up-
stream value at the blade nose b some minimum value, after
which it accelerates to the downstream value at the tail.

Because of the velocity difleremmover that portion of the
channel walls corresponding to the bide-dernent surfaces,
the channel turns the fluid an amount A8 that can be com-
puted by equation &K) of reference 11. If a speciiied value
of Atlis desired, the prescribed velocity distribution must be
adjusted, by methods to be considered later, to obtain this
turning.

The physical coordinates of the channel are determined in
the li~-plane for the prescribed velobity distribution accord-
ing to the design methods of reference 11. The islands
between adjacent channels (@. 1) in the physical zy-plane
constitute the blade-element prcdiles. The cusped nose and
tail of these islands are rounded off at the previously selected
positions for the nose and tail of the blade-element profiles.

Nose and tail positions in @V-plane.—Because the channel

design is carried out in the @XZ-plane,it is necessary to de-
termine the positions of the nose and tail on the pressure and
suction surfacw of the channel walls in the @’Z-plane. Con-
sider the flow of fluid corresponding to the channel between
blades (fig. 2). The change in velocity potential @ from the
upstream boundary, at which conditions are considered
uniform, to the nose must be equal along both upstream
stagnation streamlines so that

@~—@A=@D—@B
from which

o

@D—@~=@B—@A (1)

where the subscripts A, B, C, D, and so forth, refer to posi-
tions defined by the velocity potential lines in figure 2.
But, because conditions are uniform along the upstream
boundary,

(2)

where 7r/2is the change in v across the-channel and where
the angle O’ is measured counterclockwise from the positive
x’-axis of the x’,y’-coordinate system in which the cascade
lies along the y’-axis. From equations (1) and (2)

@l)—@==; tan !9’. (3)

Equation (3) determines the difference in @on the two vmlls
of the chmnd’ at the points in the @V-plane corresponding
to the nose of the cascade blade. Likewise, the dMerence
in @ on the two walls of the channel at the points in the
W-plane corresponding to the tail of the cascade blade is
@SIl by

!%—%=; tan O’d (4)

Equations (3) and (4) determine the’ relative positions on
the channel walls in the @!V-plane of points corresponding
to the nose and tail of the blade proiile, respectively.

Prescribed veloci~ distribution.-In general, the pre-
scribed distribution of velocity as a function of arc length
along the channel walls between blade-element profiles can-
be arbitrary for the proposed blade-element design method
except that the velocity is higher on the suction surface
than on the pressure surface, the resulting blade+lement
proiile must be practical, and the difference in veloci@ dis-
tribution on the two walls must satisfy equations (3) and
(4). Ii addition, the prescribed velocity distribution must
result in the prescribed turning angle. This last condition
can be. determined by computing the turning angle from
equation (H6) of reference 11 and, in general, the original
velocity distribution must be adjusted by trial-and-error
methods to achieve the correct (prescribed) turning angle.
Along the channel walls upstream and downstream of the
points (and at the points) corresponding to the nose and tail
of the blade-eIement profile (fig. 2), the velocity is assumed
constant and equal to the upstrti and downstream velo~
itie9, respectively.

In the remainder of th$ report it is assumed ‘that the
velocity distribution is prescribed, for convenience, by
log, Q (for incompressible flow) as a linear function of @
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along the channel walls in the @IP-plaIIe. A typical example
of such a velocity distribution is given in figure 4. The
velocity accelerates along the suction surface (V =0) from
the upstream value Qu at. the nose @c to a maximum value
Q.u at which it remains constant until it decelerat~ to the
downstream value Qd at the tail @.. The tielocity deceler-
ates along the pressure surface+(W=T/2) from the upstream
value Quat the nose @~ to a minimum value Q=inat which it
remainsconstant until it accelerates to the dowmtream value
@at the tail @,. The accelerating flow along the suction
surface and the decelerating flow along the pressure solace
near the blade nose and vice versa near the tail m.11,in gen-
eral, r~ult in a physically practical blade-element profile.
An equation for the turning angle Ac9that results from this
linepr d~tribution of log. Q and which must satisfy the pre-
scribed turning angle is developed next.

- mgle A@.—From appendix H of reference 11 the
channel or cascade turning angle AOis given by (for incom-
pressible flow)

For linear variations in log. Q with @ ,

==A 10guQ=co~tant
* AZ

and for the type of Iinear veIocity distribution given in
figure 4, equation (5) integrates to give

‘o=:[oO’.&)(”c+”’c’+Qog.&)(@~E+”~’-
oog~&)(’”+:”)-oog.&)(’~~+”~)1“)

which is the cascade turning angle. For a prescribed value
of AO,equation (6) establishes a relation among Q=-, Q.i~,
Q., Qd,@c,@m,@~,@~., @B,@.., c&,and @~F. For linearized
compressible flow, linear distributions of log. V (defined in
ref. 11) with X of the type shown in figure 4 could be pre-
scribed, in which case the turning angIe Af?-ivonIdbe given
by equation (6) with Q replaced by V.

-
FIOUEE4.-Ty@cal c3XWUp]BOfIhlear, pmscrltwl V’miatlanIn kQ with 4, hldlldlng S@

6Uipt amv’entton for= and Q.

Allowable deceleration on suotion surfaoe,-In orckw to
achieve the desired turning AOwith the minimum number of
blade-s,the diilerence (Qm.– Q.J for incompressible flow or
(V=–Vm~J for compressible flow must be large; and the
arc length over which Q- and Q.i.areprescribedsho~dbe
extensive. However, the magnitude of Qmv is limited by
shock losses (compressible flow) and cavitation (incomp-
ressible flow). Also, the arc length over which Qm., is
prescribed is limited, (in percentage of total suction surface
length) by the allowable rate of deceleration from Qm.. to
Q~ along the suction surface near the blade tail. This
limitation will be considered next. The deceleration from
Qtito Qm,malong the pressure surface near the blade noso is
not so critical because the boundary layer is thin in this
region.

The allowable deceleration without boundary-layer sepa-
ration on the suction surface is determined by the ratio
@/Q_ ud the blade-element Reynolds number bnsecl on
blade chord (ref. 12). This allowable deceleration con be
expressed as a ratio A of arc lengths, where his defined by

A=- —So
(7)

where the reference point fors is arbitrary. The mmkmun
allowable value of k for given values of QJQm rmdReynolds
number is given in reference 12.

From equations (4), (16), and (40) of reference 11
length (S.E–SO) is given by

‘s~ ( BE—%)=S:O$+S:?
where for the type of velocity distribution in figure 4

log. Q=Iog, Qa+(log. Q==-10g,QJ(:2a)
(% <o <(PC.)

and
log, Q=loge Q- (@c. <* <@..)

From equations (8) and (9)

(Qfzz!t!”)+”
and, likewise,

- VmLu
so that equation (7) becomes

h arc

(8)

}

(9)

(lo)

Equation (10) determines the minimum valuo for % if the
maximum allowable rate of deceleration between OEEand
@Bis not to be exceeded.

.
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Tlm values for X in reference 12 are based on maximum
allowable safe rates of deceleration which decrease in the di-
rection of flow as the boundary-layer thiclmess increases.
Thus the required distribution of log, Q along @ is not &c-
essarily linear as assumed in this report. However, as will
be shown in the section Prescribed velocity distribution, the,
assumed distribution of log. Q with @ has similar character-
istics to those required in reference 12 and is considered ac-
curate enough for engineering purposes.

Rounding off nose and tail of blade-element profUe,—
After the prescribed velocity distribution has been”selected
to meet the conditions discussed previously, the channel
shapo is determined by the numerical methods developed in
reference 11. The islands between adjacent channels (fig. 1)
in the physicrd W-plane constitute the blade-element profiles.
Because the stagnation points are not considered in th& de-
sign method, the nose and tail of the blade element me
cusped. These cusps are eliminated by faired curves (circu-
lar arcs, for example) that are tangent to the channel walls
at the previously selected positions for the nose and tail of
tl]e blade-element protiles.

DIBIGN PROCEDURE #

The various conditions-to be satisfied in the application of
the channel design method to the design of &h-solidity
cascades of blades with prescribed velocity distributions along
the blade contours have been discussed, and the details of
the numerical procedure for the channel design itmlf are the
same m those outlined in reference 11. A brief step-by-step
outline of the conditions to be satisikd and the numerical
procedure follows:

(1) The cascade, or channel, turning angle AOand the up-
strwm and downstream velocities gv and q~are prescribed.
@’or incompressible flow the upstream velocity Quis sufficient
because Q~ equals 1.0.) The cascade stagger angle is iixed
by theseprescribed conditions and the equation of continuity.
The flow may be incompressible or compressible (-r equal to
–1.0).

(2) The solution for the equivalent channel wall coordi-
nates will be cnrried out in the @V-plme. The relative posi-
tions of points on the channel walls in the @V-plane, (%-%)
imd (@F—@B)in figure 2, corresponding to the nose and tail
of the blade prof31eare determined by equations (3) and (4).

(3) The prescribed velocity along the channel walls up-
stream of @C and % is equal to the upstream velocity.

(4) The prescribed velocity along the channel walls down-
stream of @Eand % is equal to the downstream velocity.

(5) The velocity distribution along the suction surface of
the blade-element profile, between the points % and % (fig.
2) on the channel wall in the transformed @Wplane, is pre-
scribed m an arbitrary function of arc length. Usually a
practical blade shape r~ults if the pr=cribed. velocity in-
creases from the upstream value at the nose (%) and then
decreases to the downstream value at the tail (1%):

(6) The pr~cribed velocity along the pressure surface of
the blode-element profile, between the points % and %
(fig, 2) on the channel wall in the transformed @iV-plane,is

prescribedasan arbitrary function of arc length along the blade
profile. Usually a practical blade shape results if the pre-
scribed velocity decreases from the upstream value at the
nose (%) and then increases to the downstream value at
the tail (%).

(7) In order to obtain an efiicient high-solidity cascade,
the difference in prewxibed velocities on the channel walls
corr~ponding to the suction and pressure surfaces of the
blades should be large so that the blade spacing is large
enough tb prevent serious friction losses. But the maximum
prescribed velocity on the suction surface should not be so
large that losses remit from shock or that serious boundrny-
layer separation losses result from rapid deceleration to the
downstream velocity at the blade tail (@x in fig. 2).

(8) The prescribed velocity distribution on the channel
walls must satisfy the prescribed cascade, or channel, turning
angle A8. This angle is determined by equation (H5) of
reference 11. If the prescribed velocity distribution does
not satisfy the prescribed turning angle, the velocity distri-
bution is adjusted by trial-and-error methods; or, for the
type of linear veloci~ distributions given in figure 4, the
proper adjustment in velocity can be determined directly
from equation (6).

(9) After the prescribed velocity distribution that satisfies
the conditions just outlined has been selected, the channel
design is determined by methods outlined in reference 11.

(10) The cusped nose and tail of the islands that result
between adjacent channels in the physical plane @g. 1) are
rounded off by faired curves (cixcukw arm, for asample)
that are tangent to the channel walls at points corresponding
to the nose and tail of the blade element (% through % in
&. 2). Finally, if de&red, the displacement thickness of
the boundary layer can be estimated by boundary-layer
theory and subtracted from the preceding contours to obtain
the final blade profile. Thus the high-solidity cascade design
is complete.

NubfzRIcALEXAMPLE

In general, as the percentage reaction decreases and as
the blade camber (or turning angle) increases, the cascade
efficitmcy decreases (ref. 13, p. 232). The problem selected
is therefore to design an efficient impulse cascade (zero
percent reaction) with large ttig angle.

prescribed conditions.-An impulse cascade with 90° of
ttig was designed for incompressible flow with the follow-
ing pr&cribed conditions:

171) 8’u=ir/4 A9=;=90°
(2) 9’*= –T/4
(3) Q== Q=l.o
Prescribed velocity distribution.-For convenience the ve-

locity distribution has been specfied by linear variations in
log. Q with @. The following conditions were arbitrarily
selected:

(1) Q-=1.5
(2) @.=o

(3) %-%=%.-%=%-%=: .
(4) @..=?r

The quantitim (%-%) and (%-%) are obtained from
equations (3) and (4) and are equal to ar/2 and —r/2, re-
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spectively. The quantity @E (fig. 2) is given by equation
(10) with Xequal to 0.5, and is equal to 3.75 7/2. (The value
of 0.6 for X was obtained from fig. 5 (a) of ref. 12 for
Q~/Q~~.equal to 0.667 and for a blade Reynolds number
equal to ~, which Reynolds number gives the minimum, and
therefore safest, vrtlueof x.) The value of Qmitiwas obtained
from equation (6) with AOequal to m/2:

. .
Q~,n=O.66687

The resulting prescribed distribution of l’oge Q with @ is
given in figure 5 (a). The corresponding distribution of Q
with arc length s along the suction surface can be obtained
from the definition of @ in reference 11 and is given in
figure 5 (b). The velocity distribution between Qmti (1.5)
and Q~ (1.0) is similar in shape to that resulting from the
maximum allowable safe rates of deceleration in reference 12,
so that the assumed linear variation in log, Q with @ satisfies
approximateely the conditions on which the results of refer-
emm 12 me based.

Casoade design,-The channel shape corresponding to the
prescribed velocity distribution in iigure 5 (a) was determined
by the relaxation methods used in reference 11 and is plotted
in flgu’e 6 together with the resulting high-solidity cascade of
blades formed by rounding off the cusped nose and tail of
the islands formed between adjacent channels. For the
experimental investigation, a cascade of these blades with a
chord of 6.5 inches was constructed, and the coordinates for
this blade profile are given in table I. The blade profile,was
not adjusted to provide for the displacement thickness of the
boundary layer. The chtiacteristics of the resulting cascade
are given in flgu.re 7 on the z’y’-plane in which all linear
distances are dimensionless,being divided by the blade chord
c. The reciprocal Stlc of the cascade solidity (where d is the
blade spacing) is 0.6130. The mtium blade thicknws is
approsinmtely 18 percent of the chord, the trailing-edge
thickness is approximately 2.8 percent of the chord, and the

1-

7°

-1 I
I I I I I I I I I I I

-.s -.6 -.4 -2 0 2 ,4. I

Q?;C,,-8:)=-I.?

FmmiE 7,– Cbnracterlstksof W lmpoka cnwadeln##-plane. Cwdfrmtesofbla~ent
profile em gfven fn table L

.

radius of the circular arc at the.blade nose is 3.7 percent of
the blade chord. The average angle ~’~,, of the blade sur-
faces tangent to the circular arc at the blade nose is 46.3° so
that the blade is overturned 1.3° at the nose (fig. 7). The
average angle p’ti~z of the blade surfaces tangent to the
circular arc “at the blade tail is —46.7° so that the blade is
overturned 1.7° at the tail. The blade profile is similar in
appearance to the best shape developed in reference 6 by
combination of circular arcs.

CASCADE TESTS

An experimental investigation was made on the blade
profile just designed in order to determine if rounding off
the cusped nose and tail b a serious effect on the resulting
agreement between the prescribed velocity distribution on
the blade surface and the distribution measured by test and
to determine if the design procedure taking into account
present knowledge of boundary-layer separation results in
efficient blade shapes. In addition, the blade profde, which
was designed for incompressible flow, was tested over a range
of downstream Mach number from 0.2 to choke flow in order
to determine effects of compressibility.

DlW2RIPTION OF APPARATUS

Flow tank,-As indicated in the line drawing of figure 8,
the cas&adeof 90° impulse’ blades was attached to a short
tunnel of straight parallel walls that was mounted on a
rounded approach at the flow test tank. Dimensions of the
tank and piping are given in figure 8. The tank contained a
honeycomb of square cells (2 by 2 in.) 8 inches deep. Immedi-
ately up~tream of the honeycomb were three screens; one
28X30 mesh and two 40X 60 mesh with the mesh oriented
90° apart. The tank pressure, and therefore the flow rate,
was controlled by a valve upstream of the tank. The maxi-
mum flow rate through the tank during he tests was 88
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pounds per second. The ro&ded approach to the tunnel
had rm elliptical profile. A photograph of the test setup is
shown in figure 9.

Tunnel,-The tunnel consisted of stight parallel walls
that could not be adjusted to account for boundary-layer
growth or to simulate the shape of the stagnation streamlines
upstream of the cascade. @’or high-solidity cascad~ the
position and shape of the upstream tunnel walls have little
dlect on flow conditions in the channel between blades where
the character of the flow is ahnost exclusively influenced by
the shape of the blades.) The tunnel hqth was short to
prevent large boundary-layer growth on the tunnel walls.
The cross section of the tunnel normal to the direction of
flOW was 11.91 by 16.50 inches.

Casaade.—The blade-element profile is described in table
I, and the cnscade characteristics are given in fig-e 7. Six
blades with~achord of 5.5 inch~ and an aspect ratio of 3.o
were used (see ref. 14, p. 3). The blade span was therefore
16.5 inches. Based on a blade chord of 5.5 inches, the
Reynolds number Re was approximately related to the down-
stream Mnch number _M~by

Re~~Xloe”~

Thus for the minimum test value of Ihldequal to 0.2 the
Reynolds number was 600,000, which is well above the critical
values indicated in reference 12. A photograph of the
assembled cascade is shown in figure 10.

INSTRUMENTATION

Tank and tunnel.-The total pressure upstream of the
cascade was measured by a static tap downstreqn of the
honeycomb in the tank (fig. 8). The total temperature of the
air vriis measured by a thermocouple in the tank. Static
pressurevms measured on the center line of the tuqnel walls,
12 inches upstream of the cascade.

FmuEE 9.—Photugmphof w setup.

Cascade.-Static pressures at midsp.an on the blade sur-
faces of the center channel in the cascade were measured at
48 locations indicated in table II. In addition total-pressure
and flow-direction surveys were made at midspan across the
center chnnel between blades in a plane 1% inches clown-
stream of the exit plane of the mcade. (The flow direction
was essentially constant in the survey plane.) The totrd-
pressure probe was unshielded and the yaw probe was of tho
wedge type. The static pressure p~, used to determine flow
conditions downstream of the cascade, was measured rLto
wall tap located appro~ately 1%inches downstream of the
exit plane of the cascade and was for all values of Md approxi-
mately equal to atmospheric room pressure.

TEST RIWJIX’S

Static pressureson the blade surfaces of the center channel
in the cascade were obtained for eight values of the down-
stream Mach number between 0.2 and 0.79. (The cascncle
choked at a downstream lMach number between 0.76 anc1
0.79.) In addition, total-pressure surveys were made and tlm
flow direction was measured downstream of the cascade for
five values of the downstream Mach number between 0.3 and
0.7. The results are plotted in figures 11 to 14.

Pressure ooefflci~nt P.—The pressure coefficien~ P is
plotted in figure 11 as a function of the coordinate X’ICalong
the blade surface (fig. 7). The pressure coefficient P is
deiined by

P= p–pal
pt,d—~d

(11)

where p is. the static pressure and p;,d is the total prossum .
downstream of the cascade exclusive of the wake and is there-
fore equal to the upstream total pressure. For incompressible
flow the pressure coefficient P, defined by equation (11),

FIo& 10.—Photogmphof awnde with downstrmm totfd-pmsmrcprobe In fdtlon.
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definition for pressure coefficient, that is,
divided by downstream, or upstream,

velocity head. The pressure tap corresponding to a giv~
data point can be determined from the value of x’/c and
tnble.II. For incompressible flow P is related to Q by

P=I–p

The variation in P with z’/c for the design variation in Q is
given by the regular solid lines in figure 11.

In figure 11 (rL)the results are plotted for the downstream
Mach numbers between 0.2 and 0.6. For these lMach num-
bers the flow is everywhere subsonic. The agreement be-
tween the measured and prescribed (design) values of P is
good for .iMdequal to 0.198, but becomes progressively worse
because of compressibility effects as i% increases. h general,
the discrepancy between the measured and prescribed valiws
of P at lid equal to 0.198 can be attributed in part to the
lower-than-design flow rate that results from the reduced
effective flow aren due to the wake displacement downstream
of the cascade. That is, the channel between blades turned a
slightly smaller quantity of fluid than designed for, and
therefore required slightly less pressure diilerence on the
blade surfaces. The important discrepancy between the

1, Md

00.198

‘Ta A .497
V .596

h~-%scribed vmiotion

-.5

P

o

.5

,.o~
-.4 -.3 -2 -.1 0 .1 .2 .3 .4 5

X?c

(a) Downetrmm Msch mnnks betwran 0.2and 0.6.
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lesi&n and experimental value of P on the pressure surface
it the nose (cc’/c equal to -0.393) results from rounding off
ihe blade nose and will be discussed later.

In iigure 11 (b) the results (P against z’/c) are plotted for
Iow-nstream Mach numbers of 0.70,’0.75, and 0.79. For
these Mach numbers it will be shown that local kgions of
wpersonic flow exist on the suction s~ace of the blade and
]hock phenomena result as indicated by the rapid fluctuation
in pressure. For all three of thwe values of downstream
Mach number two regions of shock appear on the suction
mrface; one at x’/c approximately equal to -0.275 and the
other centrally located around x’/c equal to zero.

Velocity Q.—The velocity Q,which is dimensionless,having
been divided by the downstream velocity, is plotted in figure
12 as a fun&tion of the ideal (de&n) velocity potential @
along the blade surface. The pressure tap corresponding to
a giveri data point can be detemined from the value of @ and
table II. The prescribed variation in Q with @ is given by
the regular solid lines in figure 12. The experimental values
of Q were obtained from the total nressureand the measured
static pressures. The total pressure was assumed equal to
the tank pressure, so that in the presence of shock losses the
computed velocitie9 are indicative only.

P

[.0

‘d

I
D 0.695
a .754
A .788

--Prescrikd voriolion

..\
‘+rescm-e:)lrblion

(b)
I I I I I I I I I I

-.4 -.3 -.2 -.1 0 J .2 .3 .4 .5
x’/c

(b) Downstmem14mhnumbers of 0.70,0.7$and 0.79.

FKIIJm]1- VarMlonh &t T%InwofpromremelllcmtPtiti pmltion~/c alongsnrkmof blade element. (kbe piwsnm rap cmmspondlru b a given data wdnt can be defermln~
from the vafno of r’/c and table II.)
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In figure 12 (a) the variation of velocity Q with @ is plot-
tcd for the downstream iMach numbers between 0.2 and 0.6.
For these Mach numbers the flow is everywhere subsonic,
and the agreement with the prescribed velocity distribution
is considered quite good and appeam to be independent of
the downstream Mach number .l& (This independence of
downstream Mach number will be discussed in the section
Compressibility effeots.) It is concluded that blades for
high+olidity cascades can be designed for prescribed veloci-
ties by the channel flow methods of this report and that
rounding off the nose and tail of the blade-element proiile
has negligible effect on the velocity distribution along the
blade surface except in the vicinity of the blade nose. The
discrepancy at the blade nose will be discussed in the section
Continuity.

In figure 12 (b) the variation in veloci~ Qwith @ is plotted
for downstream Mach numbers of 0.70, 0.75, and 0.79. For
these Mach numbem local regions of supersoriic flow exist
on the suction surface of the blade, and shock phenomena
result at the points indicated previously by the pressure
distribution in figure 11 (b).— . .

Loss ooef%cient
G

@t_p)d—The 10= ~fici~t @,:&)d h~

been computed from the’ total-pressure survey data taken
downstream of the cascade for five valu= of i% between 0.3
and 0.7. This loss coeilicient is plotted in figure 13. The
average total-pressureloss Gwas csdculatedby methods given

t

/yd

00.198
0 .298
0 .397

.6 -

.4 -

.2 -

(a)
o ; I I I 1 I 1 I

~
2

2: 3$

0’

(a) DomMr@.rn Mach nmnbera bet%wn 02 and O.&

in appendix B. .The loss coefficient at iln+ decreases with
increasing f~dj probably as a resuh of the increasing Reynolds
number, and then increases rapidly, as a result of shock
losses, after M. equal’ to 0.6.

Turning angle AO.—The measured value of the cascade
turning angle AOis plotted as a function of ik~d in figure 14.
The sudden increase in Al?as ~d approaches 0.6 is not reason-
able in view of the small increase in loss coefficient (fig. 13)
at this Mach number. The measured turning anglq may
therefore be inaccurate because of the adverse test conditions
under which the data were recorded at high Mach numbem.
la any event, for values of hfd less than 0.5 the turning angle
is insensitive to Mach number, and the measured turning
angle weed within 0.5° with the design turning angle.

ANALYSfS OF RRSULTS

The test results are analyzed for the contiuqity condition,
compressibility effects, and momentum considerdions. The
cascade performance is then compared with that of similar
cascades reported in the literature.,

Continuity.-In @ure 15 it is shown that, as the down-
stream Mach number .iW increases, the experimentally
determined upstream Mach number M. becomes progrwaive-
ly less than Md. For an impulse cascade JZu should equal
~d, and the measured difference between itfd and M. was
sticiently great to require an investigation of the contihuity
condition upstream and downstream of the cascade.

2
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I
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m * 0.69’5
4 .754

IY \l A ,788

& .--Prescribed wmiolkm
in O

,

(b)

(b) Downstrmm Mach nmkia of0.70,0.75,and 0.7%
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From the total-pressure surveys down.&eam of the
cascade, the velocity distribution is obtained as a function
of y’/d, where y’ is measured from the center of a wake, and
a typical example is given in @e 16 for a downstream
Mach number of 0.3. @’mm the relatively smallmomantum
losses indimted by this velocity distribution, it is concluded
that boundary-layer separation on the blade surfacea was
negligible.) From this velocity distribution the flow rate W
through the channel between blades can be determined horn
the continuity equation

s1.0
W.=s’ (’)P“q” COS#d d ~

o

~Tesl points

.6 -
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.5 -
cOrdition--

‘.
‘.,
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w
‘- Equolicm (12)

with ,4-=(295
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FIGUREls.-Vmiation Snn@mmn Ma@ nmnk with dowmhmm Mach number.
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FIamE 16.—Varfatbmin Q with ti/s’between WE&Wdownmenm ofcasoade. Dowmtrmm
Ma& nmnk I& 0.33.

where p“ and ~’ are the density and velocity, respectively,.in
dimensional form and ~’~isthe measured flow direction down-
stream of the cascade in the z’y’-plane. Upstream of the
cascade; flow conditions are uniform and the continuity
equation becomes

w.=8’(pug” Cos e’).
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The flow rates WUand Wd are plotted in figure 17, and it is
seen that the continui~ condition (W== Wd) is satisfied.
The increasing magnitude of (IJ&–i’bfJ with increasing Ii
(fig. 15) must therefore be caused by the displacement of the
wake downstrmm of the cascade.

If A* is the ratio of the-effective flow area (geometric area
minus the effective displacement area of the wake) down-
stream of the cascade to the geometric area upstream of the
cascade, M’ and Mu are related by (appendix C)

()
7+1—.

l+= IM.’ ‘(’-u
E=A*.~+y–l

(12)

7 w’

For an impulse cascade with no boundary layer, A* equals
1.0 and fkom equation (12) M= is equal to i%. If, however,
tbe effective displacement of the boundary layer is 5 permnt,
A* is equal to 0.95 and the relation between M. and M~ is
given by the dashed curve in figure 15. Thus, for a given
value of A* a cascade designed for impulse operation without
a wake exhibits progressively more reaction as the down-
str~m Mach number increases.

In figure 15 for values of W greater than 0.75, the value
of Mu remains essentifdly constant and equal to 0.6, or a
little higher, so that the cascade is choked. In figure 12 the
high value for Q on the pressure surface at @ equal to ~J2

. indicates that the choke condition occurs along this value’
of @. Figure 6 shows that for this value of @ the flow area
of the channel between blade elements is a minimum. Thus
the upstream Mach mqnber for choke. flow could probably
be increased by a slight moditlcation in the blade-element
design in the regions of @ equal to r/2. @or marnple, tie
manner in which the blade nose is rounded off might be
modified to increase the minimum flow area. Also, the
blade nose might be extended farther upstream along the
clmnnel boundaries (shown in fig. 6) to guide the fluid into
the minimum area in the proper direction. Or perhaps near
the nose a less rapid veloci@ deceleration might be pre-
scribed on the pressure surface, or a less rapid acceleration
on the suction surface, so that the rate of area convergence
rmd divergence in the vicinity of the minimum area would
be reduced.) In addition this design modi.iication would
elimirmte the large deceleration of the velocity along the
pressure surface following the peak velocity at @ equal to
tr/2 and might thus improve the efficiency of the cascade by
eliminating a possible region of separated boundary layer.

Compressibility effects.-The effects of compressibility on
P and Q are shown by the effects of IMiin figures 11 and 12.
Consider the region of constant prescribed velocity along the
suction surface. Provided the local velocities are subsom-c,
the absolute magnitude of the pressure coefficient .F’ de-
creases with increasirqgi% (&. 11(a)), but the velocity Q
remains essentially unchanged (@. 12(a)). ?Ilhis behavior
of P and Q is unlike that for isolated blades (airfoils), but
compares favorably with that for the lmowq compressible
flow between a curved channel consisting of streamlines
from a free compressible vortex. (The regions of constant
velocity along the pressure and suction surfaces of the blades

suggest that the charnel between these regions can be rLP-

p~&ted by the flow between selected str&nlines of a fr~o
vortex.) In appendix D equations are derived for comput-
ing the variation in P and Qwith the equivalent-1&for those
radii of a free compressible vortex for which the values of P
and Q at M equal to zero (incompressible flow) me the pre-
scribed values for the cascade design (Q~~==1.6, Q~f~=
0.66687, and so forth). The resulting distributions in Q
and F’ with kf~ for the compressible vortex are shown in
figures 18 and 19, respectively, and are compared with the
test values of Q ad P at taps 44 and 20 (see table II) on tlm
preskmreand suction surfaces of the blades, respectively.
The agreement in trends is good and indicates that the ob-
served variations in P and Q with Md in the tests are reason-
able. Thus, for the high-solidity impulse cascade of this
report the distribution of Q is essentially independen~ of
downstream Mach number i%

The appearance of supersonic velocities on the sucLion
surface of the blade is indicated (in figs. 11(b) and 12
(b)) by sizeable variations in 1’ and Q (with x’/c and Z, re-
spectively) due to shock phenomena. For a given value of
JW there is a critical value of Q (Qti) for which the velocity
correspond~ to Q= is sonic. This relation is given by
(appendix E)

(13)

which is plotted in @ure 20. For test values of Q about
equal to 1.5, such as exist on the suction surface at @ equrd
to u/4, the value of Ma in figure 20 is about 0.63. Thus in
figures 11 (b) and 12 (b) shock phenomena are obsorvecl for
dues of Md equal to 0.7’(), ().7’5, and 0.79.
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Momentum,-From momentum considerations it can” be
shown (appendix F) that the blade force in the direction of
y’ @cr unit length of blade span) is equal to

r~ = s$’ 13in8fdCOSdd 1“0
,g ()o p“d(q’’d)’d $ —

8’ Sill @u COS &’u ,,

g
P a (q’’riy (14)

,wherep“ and q“ are evaluated from the test data by equations
(Bz), 033), and 0%) of appendix B,and the known value of
the stagnation speed of sound a..

l?rom the measured presures on the blade surface, the
blado force l’ti is also equal to

Ff=c(p,,d-pd)IX%-p’)%’) “5)
where the subscripts tr/2 and O refer to the pressure and
suction surfaces of the blade, respectively, and where for a
given .k’dthe integral is equal to the mea under the curve in
figure 11. The blade force Fti b been computed from the
test data by equations (14) and (15), and the values are
compared in figure 21. The agreement is considered satis-
factory and serves as a check on the accuracy of the experi-
mental data.

(Comparisonwith other impulse oasoades.—The test per-
formance [Ad and minimum Z/(p,-p)J of the 90° impulse
cascade given in this report is compared in the following
table with that of other impulse cascades reported in the
literature:
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I Blade

A-------
B---------
c-------,
D-----.--
E__-----
F_-------

1G--------
H--------
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,
Inverse of L0s9 coellicient, Turning
t301idity, G angle, A19,

SIC (pt-p)d deg

0.750 0.035 (rnin)---------
.750 o.035.-----------._ !%
.613 0.038 (mhl.)-------- 90.5

.500 0.038 -------------- 87

.500 o,039(rnin.)--------

.574 o.05-_------------- &6

.625 0.072 (rain.)-:------ 90

.500 o.09--------._-__-: 8&7

R6mdp
COmments Reference

Re ‘

The blades Ato Eareaxrmgedin order ofincreasing mini-
;mum 10ss coefficient

(n–p):
All cascades have approxi-

mately a 90° turning angle. Blade C, from this report., is
seen to have about as low losses w any reported in the
literature. The low loss coefficients of blad&Aand Eare
questioned in reference 13 (p. 233) because of the experi-
mental technique. Also, the thin proiiles (small values of
t/c, where tisthe mtimum blade thickness) of blades A, D,
and E prohibit their use in turbines near the blade root
(where impulse conditions are usually approached) because
the blade taper requires thicker profiles at the root. Blade
B has a thicker profile and gives excellent performance- It
is similar in shape and performance to blade C, developed
in this report.

It is concluded that, if properly applied, the high-solidity
blade-element design method developed in this report can
result in efficient blade profk for incompressible flow or
for compressible flow with local subsonic velocities. These
profiles cm be designed directly without extensive experi-
mental trial-and-error development.

SUMMARY OF RESULTS AND CONCLUSIONS

A technique is dev~oped for application of a channel
design method to the design of high-solidity cascades with
prescribed velocity distributions as a function of arc langth
along the blade-elerdent profile and for preiw.ribedturhg
angles of the fluid. The technique applies to both incom-
pressible and subsonic compressible (ratio of speciiic heats
equal to —1.0) fluid m?tion, wd the results are exact except
for the usual approximation resulting from rounding off the
nose and tail of the blade element. In order to investigate
the effect on the velocity distribution of rounding off the
nose and tail, a high-solidity 90° impulse cascade was de-
signed and tested. To achieve good efficiency, the cascade
was designed for prescribed velocities with maximum fdlow-
able blade loading accordiag to limitations imposed by con-
siderations of boundary-layer separation. The cascade was
developed for incompressible flow and vm.s tested at the
design angle of attack over a range of downstream Mach

2x105------- AirfOil bladin~ t/c= O.10-------------------- 13, fig. 62
LOw speed--- Blade shape snnilar to blade C--------------- lb, fig. 178
1.5xl&-----_ Deigned for preaoribed velooity gradients

that avoid sepmtion -------------------- This report
Ihv speed---- Airf02 be---------------------------- 15, fig-.177
2xlw-J ----- AirfOfibkdingj t/c=o.lo---:---------------- 13, fig. 62
l.8xlW ------ Two ciroular arce plus fkt seotion, similar to

blade C-------------------------------- 6, p. 4
2xlo5-------- “Conventional” impulse blade, lIc= 0.22 ------ 13, fig. 62
1.8X 105------ Two circular arm, sharp nose and tail, aym-

metid -------------------------------- 6,p.4.

numbers fiwm 0.2 @ choke flow. From the results of the
twts it is concluded that:

1. Blades for high-olidity cascades can be designed for
prescribed velocities by the channel flow methods of this
report.

2. Rounding off the nose ancl tail of the blnde-element
proiile has negligible effect on the velocity distribution along
the blade surface except in the vicinity of ,the blade nose.

3. The distribution of the velocity (expressed as a ratio of
the downstream velocity) is essentially independent of down-
stream Mach number, provided the maximum velocity on
the blade surface is subsonic.

4. For the velocity distribution that was prescribed (and
measured), the boundary-layer separation on the blade sur-
faces was negligible.

5. For downstream Mach numbem of 0.5 or less the meas-
ured turni& angle -wasless than 0.6° greater than the design
turniqg angle (90°).

-400

~d

-300 -
.-

-200 -

.4

~% -1oo -

7’.3

1 I I

o -too -200 -3m -4
FYI from momEntum equotion ( 14J

)

~13UEE2L– Oomrmri?onof bkl~ farmln dfreotlonof # m deterndmd frommcasorod ntatlo
p~ cmblade .mrfacoand from momentum eqnation (14).
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6. The cascade choked near the inlet at an upstream
Mach number slightly greater than 0.6. This Mach number
for choke could probably be increased by a modification in
the profile design near the blade nose.

7, Sonic velocity first appears on the suction surface of the
blade at a downstream Mach number of about 0.63 and for
downstream Mach numbem of 0.70, 0.75, and 0.79 shock
phenomena were observed on the blade surfaces. .

8. A cascade designed for impulse operation without a
boundary layer eshibits progressively more reaction in the
presence of a constant wake displacement as the downstream
Mach number increases.

The follo
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9. If properly applied, the high-solidity ‘,blade-element
design method developed in this report can result in efficient
blade proii.les,for incompressible flow or for compressible
flow with local subsonic velocities. These profiles can be
designed directly without extemsive experimental trial-and-
error development.

LEWIS ?lLIGHT PROPULSION LABORATORY,

NATIONAL ADTCISORY Coarammm FOR AERONAUTICS,

CLIWBLAND, Oreo, November W, 1961.

APPENDIX A

SYMBOLS
wing symbols are used in this report:

ratio of flow area downstream of cascade to
flow area upstream

local speed of sound
stagnation speed of sound
blade chord (fig. 7)
blade force in direction of y’
gravitational acceleration
constants, eqs. (D la) and (D4a), respec-

tiwily, of appendix D
Mach number, q“/a
pre9sure coefficient, eq. (11)
stitic pressure (dimensional form)
loss in total pressure at point downstream

of cascade
velocity (for which units are so chosen that

channel velocity downstream at infinity
is unity)

critical value of Q for which velocity
corresponding to Q= is sonic; related to
W by eq. (13)

velocity (for which units are so chosen that
stagnation speed of sound @ unity)

velocity (dimensional form)
perfect gas constazit
Reynolds number based on blade chord
radius from center of free vortex (for which

radius the units are so chosen that width,
downstream at infinity, of channel be-
tween cascade blades that is being simu-
lated by free vortax is unity)

distance in W-plane measured along direc-
tion of flow from arbitrary refertice
point (for which distance the units are so
chosen that channel width downstream
at infinity is unity)

blade spacing (fig. 7)
temperature of gs9 . -
mtium thiclmess of blade-element profile
velocity parameter defied in ref. 11
flow rate (per unit length of blade span)

through channel between two blade
elements

X,y

d,y’

fl~.,fldi

‘Y
A

e

A9

e’

A
P

P
II

@,v

iii

Cartesian coordinates in physical plane (for
which coordinates the units are so chosen
that channel width downstream at iniln-
ity is unity)

z,y-coordinate system rotated and trans-
lated so that csscade lies along y’-axis
(fig. 7)

average angle of blade surfaces tangent to
circular qrcs at nose and tail, respec-
tively, in z’y’-plane (fig. 7)

ratio of speci.tlcheats
iinite increment
flow direction in physical ~-plane (meas-

ured in cmmterclockwise direction from
positive z-axis)

channel, or cascade, turning angle
flow direction in physical z’y’-plane (meas-

ured. counterclockwise from positive
d-axis)

ratio of arc lengths, eq. (7) .
density (axpressed as ratio of stagnation

density)
density (dimensional form)
velocity potential and stream function,

respectively, used asCarteshmcoordinates
in transformed @V-plane and defined in
ief. 11

average loss in total pressure, eq. @l) of
appendix B

Subscripts:
A,B, ..., H positions daiined by velocity potential lines

in fig. 2
CC,DD,EE,FF values of@ ddned in fig. 4
d conditions downstream at in.iinity

maximumw
niu minimum

t total, or stagnation, cor@tioq
?6 conditions upstream at idinity
o right boundary of channel, when faced in

‘direction of ‘flow, along &hich w is eqmil
to zero

‘u left boundary of channel, -when faced in
5 direction of flow, along which w is equal

to T/2
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APPENDIX B

CALCULATION OF AVERAGE LOSS IN TOTAL PRESSURE Z FROM TOTAL-PRESSURE SURVEY DOWNSTREAM OF CASCADE

By definition the maas-mighted average value of the 10SS where 2’ is the temperature of the gas and y is the ratio of .
in total pressure (A2~J downstream of the cascade is specific heats, so that

,

(III)

where the integration is taken across an entire channel equal
in width to the blade spacing and therefore including the
wfiko region. The density p“ is related to the pressure p by

(JP“P~—. —
P“s t

(J32)

where, from the perfect ~W law, ~

flaP t—RTt (333)

Also, from the general energy equation,

from which

q=&IzFl
Thus, from equations-@ l), (J32), (333), and @6)

J

(335)

T ‘y-l ~ where pj is the total pressure measured by the survey’ along—.
T, 1–~ q @4) f.

APPENDIX c

RELATION BETWEEN MU AND Md FOR VARIOUS AREA RATIOS A*

From continuity considerations I and

pu(Ma).=dMa)dA* (cl)

where p is the fluid density expressed as a ratio of the stagn-
ation density, JMis the local Mach number, a is the local
speed of sound so that the product (ill(z) is equal to the
velocity g“, and A.* is the ratio of the effective d&wnstream
flow area to the upstream area. From the general energy
equation,

;=l+~ w (C2)

so that

from which equation (Cl) becom=’
7+1

[ )-

1+% M.* 2(7-1)
M.= ikfdA*

~+7—1~ Md2

APPENDIX D

EQUIVALENT COMPRESSIBLE FREE VORTEX

The regions of constant, prescribed veloci~ along the pres-
sure and suction surfaces of the 90° impulse blade suggest
that, for purposes of investigating the variation in these
velocities with the equivalent downstream Mach number, the
channel between these regions of constant velocity can be
approximateed by the flow between selected streamhm of a
compressible free vortex. First, the radii for these selected
streamlines are determined for an incompr~ible free vortex
to give the prescribed values of @ and @ for incompressible

2

(12)

flow along the suction and pressure surfaces of the blacle,
rwpectively.

Ihaompressible free’ vortex,-For an incompressible free
vortex

@=K, (D1O)

So that

&To=~;% @lb)
. .

where r, like the Cartesian coordinates z and ‘y, is expresmd
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in units of the channel width downstream at infinity of the
channel between cascade bladea that is being simulated by
the free vortex. From continuity

# s:Qdr=l.O (D2)
rO

so that, from equations (Dla)” and (D2),

and therefore, from equations (Dla) and (1)lb),

and

Tr=
1

Qo
‘ ‘: 10g’ v:

(D3a)

(D3b)

Equations (D3a) and (D3b) give the radii that determine the
channel in the free vortex (compressible or incompres-sible)
which is equivalent to the channel between the cascade
blades in the region of constant prescribed velocity along the
pressure and suction surfaces. For the prescribed valuea of
~ and Q: (1.5 and 0.66687, respectively) the values of TOand

r: given by equations (D3a) and (D3b) are 0.82260 and

1.84992, respectively.
Compressible free vortex,—For a compressible free vortex

QT=K,
so that

Qoro= Q; r:

and, from continuity,

srr
‘pQdr=p.i

rO

where, from

so that

equation (W),

Equation (D6a)

1

( )

~—1 ‘ 7i

pd= 1‘~ qd

expands in serk form to give .

- Q%*’–..p=+ Q2qd2+ s

so that equation (D6), together with equations
and (D6c), integrates to give

(D4a)

@4b)

(D5)

(D6a)

@6b)

(D6c)

(D4a), (D6b),

where, from equation (C2),

From equations (D7) and (D8) Ks is a known function of M~
and therefore @ and Q: are given by equation (D4a). The

variation in Q and Q: with U is plotted in figure 18.

The pressure coeflkient P is dd.ned by

P Pd

p= P—pal =Pt.d Pt.d

Pt,d—pd ~.a
Pt.d

where, from equation @4),

so that, with pt=p~dj

~

(1 )“; 1Q2qd’)*-(+ q<7-1
P= ~ (D9)

( )
1— l—~ q# ‘-’

Equation (D9) determines P for given values of Q and @
The variation in P. and P% with ~ is plotted in figure 19.

Choke flow.-Choke, or maximum, flow occurs when the
derivative of the flow rate with respect to a characteristic
veloci@- is zero. From equation Q5) the flow rate is pro-
portional to ~, and from equation (D4a) the velocity at each
radius is proportional to Kx so that choke flow occurs when

‘Pal-o
O?&

Therefore, from equation (D7)

0=log,T:+3~ ‘-L -5~@4K24‘L + .. .— ()r r* TO* ()T X4 To4
To T Y

.
(

or
.

The value of Md for choke flow is then obtained from equa-
tions (D7), (D8), and Q1O). For the values of Toand r$

given by equations @3a) and (D3b), the value of ~ thus ob-
tained is 0.815.
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APPENDIX E

CRITICAL VALUE OF Q FOR W131CH VELOCITY IS SONIC

By definition Q is equal to
equation (III) becomes

Qa if M h equal to 1.0 so that
●

For a given value of ~ there is a critical value of Q (Q.)
for which the velocity -cmreponding to Q. is sonic. By
definition

Q.:+--z ~
.’

which, from equation (C2), becomes
.

r

1+ ~ %2
Q=% (m)

1+7—1~ M’

Jl+~1M2
Q.,=

& Mdl
2

(13)

Equation (13) gives the relation between Q= and J&, which
relation is plotted in figure 20.

APPENDIX F
,

BLADE FORCE COMPUTED FROM MOMENTUM CONSIDERATIONS

If the viscous shear forces, which are relatively small, are
ignored, the blade force F’, acting on the fluid in the-positive
y’-direction (fig. 7) must, from momentum considerations,
equal the change in the rate of momentum, in the positive
y’-direction, of the fluid flowing through the cascade. The
rate of momentum flow into the cascade in
#direction is

where the flow direction is uniform at a station far enough
downstream. Therefore, Fp, becomw

the positive

upstream of

Ff= J8r SiIl #d COS #d 14

9 ()
o P“&l”d)2d $ -

8’ fill O’u COS fu

9
=P”.W’.Y

(14)

where flow conditions are considered uniform
the cascade, and the rate of momentum flow out of the
cnscade in the positive y’-direction is I
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TABLE I.—BL&OE PROFILE COORDINATES

[W i.mp~ cascadvlmmdkl -~ Mbu@, fk. 5 ~=oelo flow]

x J

2 –

5 -

a \
o 1 2 3 4 5

X, in.

x

o
.IM
.10
.16
.m
.23

:$
.40
.4.5
.53
.60
.m
.en

i?
L%
L4
L6

HI
22
24
26
28
3.0
M
X4
3.6

, X8
4.0
4.2
4.4
46
L8
50

;;
&3
&s
.L40

:$

Y.
-i

am
.Wt9
.Om
.Wa
.C9m
.Co8
.024
.Ch31
.IIM
.147
.189
.!m’!a

:%

.673
-ml
.812
.809

i%
;.
~.
:.
1.052
L 016

(EJ

.m

.5%

.473

.82s

.240

.107

.U36

.M4

.037

.Cm

.On

YO

am
.8s4

%j

.730

.Sn

.935

.m
LW3
LIM
L263

::

,:%
L 8n
L004

;%
2(E3
z 044
:O_&

L933

:%!
L12@0
LESO
L897
L246
LW
.914

:%

: ?6
.m4
.2a9
.194
.149
.071

211
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/

.

—

‘rap
—

9

10

11

12

13

14

15

16

17

18

19

m

21

22

23

24

26

m

27

28

23

30

31

32
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TABLE K-STATIC TAJ? LOCATIONS ON BLADE SURFACE AT MIDSPAN

[W hllp- cascade]

LX4

x

c1015

.174

.2Q7

.418

.636

.Om

.817

.974

L 141

L 314

L 494

L813

2260

2404

2001

2867

3-066

~~

am

3.04s

%344

4am

4.236

4.432

2 -

<I -
L-

0 I 2 3 4 5
X, in.

Y

0.%0

.m6

.816

1.014

LIM

L 321

L464

L676

- LOW

L780

L303

L’X6

2041

2042

2cm

L SS1

L 919

L840

L 744

L607

L3113

L218

L068

f
T

-0.443

–.412

–.336

–.360

–.330

–.209

–.m

–.249

–:217

–.134

–. WI

–.m

–w

.CQa

.034

.CE9

.134

.lm

.m2

.230

.2m

.2JM

.334

-347

<
c

0.172
E.Z4

-262

.Z4a

.314

-337

.36s

.3i7

.394

-m

..tm

.436

.433

.436

.42s

.417

.402

.m4

.308

.239

.313

.2M

.2s4

.221
—

—

Tap
—

a

34

36

30

37

2s

%9

40

41

42

43

u

46

40

47

4s

49

m

51

62

63

64

66

m

x

4.631

4s2

hom

h243

&4m

6.334

6.147

4.871

4.m

4.3m

4.174

&fhm

3.740

3.m4

23m

244

1.976

L 764

L ma

L 342

L 164

.E3a

.m.5

.3=?4

Y

am

.769

.624

.3W

.133

.017

.m

.4!41

.636

.748

.842

.022

.W

LOW

1.w

1.079

LCIB

.961

.8;6

.782

.0i3

.4m

.244

.040

1?
7

am

.433

.407

.ml

.ma

.621

.481

.436

.3W

.362

.317

.279

.241

. 1!33

.m,

.W2

–. 078

–. 119

–. 100

–. 197

–. m

–. 2Q4

–. 347

–. m

~
c

0.187

. M

.118

.075

.Co6

.016

.a64

.Ox

.142

.100

.187

.m.5

.m

.243

.2b7

.261

.260

.m .

.240

.227

.211

.178

.lU

.112

+

mr
F
27Z
K
zsr
-ii-
Zur

-F
30s’
-r
m
T
91r
ir
ml’

-r
19r
ii-

In.5X
r
W*
K

XT
16
17*

r

ler

-F

1ST

Y

14X
ir

1ST

-ir

lz6r
T

I*r

x

11.sr
T
Ilr
-F
Ior
r
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